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Impulsive waves in the Nariai universe
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~Received 6 November 2001; published 9 April 2002!

A new class of exact solutions is presented which describes impulsive waves propagating in the Nariai
universe. It is constructed using a six-dimensional embedding formalism adapted to the background. Because
of the topology of the latter, the wave front consists of two nonexpanding spheres. Special subclasses repre-
senting pure gravitational waves~generated by null particles with an arbitrary multipole structure! or shells of
null dust are analyzed in detail. Smooth isometries of the metrics are briefly discussed. Furthermore, it is
shown that the considered solutions are impulsive members of a more general family of radiative Kundt
spacetimes of type II. A straightforward generalization to impulsive waves in the anti-Nariai and Bertotti-
Robinson backgrounds is described. For a vanishing cosmological constant and electromagnetic field, results
for well known impulsivepp waves are recovered.
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I. INTRODUCTION

Many exact solutions of Einstein’s equations are kno
which describe radiative spacetimes~a recent review and ref
erences are provided, e.g., in@1#!. As special cases, impul
sive waves have been widely investigated. Their geometr
characterized by the Dirac delta contribution to the curvat
tensor, supported on a null hypersurface, which is interpre
as an impulsive field propagating in a given background.1 In
the simplest situation this is a constant-curvature sp
~Minkowski, de Sitter or anti–de Sitter! and all main features
of such metrics are well known~see @3# and references
therein!. In particular, these belong to two distinct families
which the waves are either expanding or nonexpanding,
being understood as limiting cases of sandwich waves of
Robinson-Trautman or the Kundt classes, respectively. S
cific nonexpanding solutions were originally obtained by a
plying the Aichelburg-Sexl ultrarelativistic boost@4# to dif-
ferent elements of the Kerr-Newman and Weyl families~see,
e.g., @5–9#!. It has then been shown@10,11# that the whole
class of nonexpanding impulsive pure gravitational wa
~with the only exception of plane waves! is generated by nul
particles with an arbitrary multipole structure, correspond
to singularities of the metric tensor. Moreover, as an ext
sion of Penrose’s geometrical method@12#, Dray and ’t Hooft
have introduced a ‘‘shift-function’’ technique, which enabl
one to construct nonexpanding impulsive waves also in n
constant-curvature backgrounds. They used it to derive
field produced by a massless particle@13# or by a spherical
shell of null matter@14# located at the horizon of a Schwarz
child black hole. Their approach has been later general
@15# to include a cosmological constantL and matter fields.

Now, a simple observation is that nonexpanding imp

*Email address: ortaggio@science.unitn.it
1As known, dealing with distributions in general relativity ma

lead to quantities which cannot be defined within the line
Schwartz’s theory. When this occurs, the advanced framewor
Colombeau’s algebras of generalized functions is required. See@2#
for recent developments and applications to Einstein’s theory.
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sive waves propagating inall possible spherically symmetri
vacuum backgrounds withL50 have thus been explicitly
described. This is guaranteed by the celebrated Birkh
theorem ~see, e.g.,@16#!, which leaves the Schwarzschil
metric ~with the Minkowski universe as a trivial subcase! as
the only possibility. However, the generalized version of t
theorem admitting a nonvanishingL @16–18# provides a
richer class of nonequivalent metrics. Namely, one has
only the Schwarzschild–~anti–!de Sitter solutions, but also
the Nariai metric@19#, whenL.0 ~its L,0 counterpart, to
which we shall refer as the ‘‘anti-Nariai’’ metric, admits dif
ferent symmetries!.

The Nariai line element, which actually~in a Euclidean
notation! dates back to Kasner@20#, is indeed a nonsingula
solution of the vacuum Einstein’s equations with a posit
cosmological constant,Rmn5Lgmn . It is the direct product
of a two-dimensional de Sitter space with a 2-sphere. It
mits a 6-parameters group of motions and isnot conformally
flat. Therefore, it is both locally and globally distinguishe
from the de Sitter space. Besides the historical attentio
deserved thanks to its geometrical properties@16,19–21#,
more recently it has been the object of a renewed inter
since it emerges as the extremal limit of Schwarzschild–
Sitter black holes@22–24# ~which is not equivalent to con
sider ‘‘extreme’’ black holes, studied, e.g., in@25#!. Thus, it
can be viewed as a ‘‘degenerate’’ black hole, in which t
two horizons have the same~maximum! size and are in ther-
mal equilibrium at the temperatureT5AL/2p. Admitting a
regular Euclidean section, it turns out to be a good ‘‘insta
ton’’ for the study of quantum pair creation of black hole
during inflation. In more general terms, a ‘‘charged’’ versio
of the Nariai metric@21# ~see also@26#! is interpreted as a
degenerate Reissner–Nordstro¨m–de Sitter black hole@27#.
This has been considered also in dilatonic theories, e.g
@28#.

To our knowledge, impulsive waves in the Nariai univer
have not yet explicitly been studied. It is the purpose of
present paper to construct and analyzenonexpandingimpul-
sive waves propagating in this background, thus filling
‘‘gap’’ in the classification of impulsive waves in spherical
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MARCELLO ORTAGGIO PHYSICAL REVIEW D65 084046
symmetric spaces.2

Section II reviews the Nariai geometry, useful in the s
quel. The complete metric representing impulsive wave
presented in Sec. III. This is done by means of a glo
six-dimensional formalism adapted to the Nariai spacetim
The unusual geometry of the wave front is described
means of six- and global natural four-coordinates. In Sec
contributions to the curvature due to the waves are ca
lated, and a general exact solution to the vacuum field eq
tions is provided. It is shown that the only possible regu
solution is given by a trivial ‘‘gauge’’ term, which can b
removed by an appropriate coordinate transformation. Th
the unavoidable singularities are interpreted as point sou
of pure gravitational waves. Also, a complementary situat
is discussed in which there is no impulse in the Weyl sca
and the gravitational field is entirely due to shells of n
matter. Section V deals with smooth symmetries of the
pulsive metrics. In Sec. VI it is shown that these no
expanding impulsive waves are in fact a limiting case o
more general type-II spacetime of the Kundt class, as a ‘‘p
file’’ function approaches the Dirac delta. It is thus sugges
that this general spacetime is interpreted as the Nariai
verse with gravitational radiation. A straightforward genera
zation to impulsive waves in other direct product bac
grounds, in particular the Bertotti-Robinson universe,
sketched in Sec. VII.

II. THE NARIAI SPACETIME

The Nariai universe@19,20# can be conveniently visual
ized as a 4-submanifold of a six-dimensional Lorentzian
manifold

ds252dZ0
21dZ1

21dZ2
21dZ3

21dZ4
21dZ5

2 , ~1!

determined by two constraints

2Z0
21Z1

21Z2
25a2, Z3

21Z4
21Z5

25a2, ~2!

wherea.0 is related to the cosmological constant by

L5
1

a2
. ~3!

It is then obvious that the spacetime is the direct prod
dS23S2 of two constant curvature 2-spaces, thus be
‘‘symmetric’’ ~i.e., Rmnrs;t50! @16#, and admits asix-
dimensional group of isometries SO(2,1)3SO(3). In par-
ticular, it is spherically symmetric~but not isotropic! and
~locally! static. Furthermore, the group actstransitively~i.e.,
the spacetime is homogeneous! and has a two-dimensiona
isotropy subgroup at each point, composed of one boost
one spatial rotation. Note that the charged Nariai solut

2In Sec. IV it is shown how, in fact, impulsive waves in the Nar
spacetime can also be recovered as specific subcases of prev
introduced general classes of metrics@15,29#.
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@21# is obtained by replacing the second constraint in Eq.~2!
with Z3

21Z4
21Z5

25b2 ~where b5constÞa!, provided a22

1b2252L.
Various four-dimensional parametrizations of Eq.~1! with

Eq. ~2! are known. The static Schwarzschild-like one~cov-
ering only a part of the whole manifold!

ds252S 12
r 2

a2D dt21S 12
r 2

a2D 21

dr2

1a2~du21sin2udf2!, ~4!

is given by~for 0,r ,a!

Z05Aa22r 2sinh~ t/a!, Z15Aa22r 2cosh~ t/a!,

Z25r , Z35a sinu cosf, ~5!

Z45a sinu sinf, Z55a cosu.

With the natural redefinition

Z05a sinh~t/a!,

Z15a cosh~t/a!cosx, ~6!

Z25a cosh~t/a!sinx,

for tP(2`,1`) andxP@0,2p# periodic, one gets the glo
bal Kantowski-Sachs cosmological line element

ds252dt21a2cosh2~t/a!dx21a2~du21sin2udf2!,
~7!

in which theR3S13S2 topology is manifest. Note that while
the S1 factor describes a circle which shrinks to a minimu
radiusa at t50 and then re-expands, theS2 has a constan
radiusa at any time~this is different from the well known
behavior of the de Sitter universe, whoseS3 spatial section
contracts and expands isotropically!. Now, for constantu and
f, it is straightforward to visualize the conformal structu
of the spacetime by defining a conformal time

h52 arctan~et/a!P@0,p#. ~8!

The diagram~Fig. 1! is that of a two-dimensional de Sitte
space, with a spacelike infinity for timelike and null line
Obviously, each point of the diagram corresponds to a tw
sphere of constant radiusa, parametrized by (u,f). For the
geodesic observerx50, for instance, both the future an
past event horizon consist of two connected compone
These are given for the former byh1

f 5x2p and h2
f 5p

2x, and for the latter byh1
p 5x andh2

p 52p2x.
In order to express the curvature tensor, we introduce

other suitable coordinate system. First, we define s
dimensional null coordinatesU5(1/A2)(Z01Z1) and V
5(1/A2)(Z02Z1), and then

U5
u

V
, V52

v
V

, Z25
12Luv

A2LV
,sly
6-2
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Z35
z1 z̄

A2S
, Z452 i

z2 z̄

A2S
, Z55

22S

ALS
, ~9!

with

V5
1

A2
~11Luv !, S511

1

2
Lzz̄. ~10!

This gives a Kruskal form

ds25
4dudv

~11Luv !2
1

2dzdz̄

S 11
1

2
Lzz̄ D 2 , ~11!

in which the limitL→0 can be explicitly performed, leadin
to the Minkowski spacetime. Using the natural null tetradk
5V]v , l52V]u , m5S]z̄ , the only nontrivial curvature
components are

C252
L

3
, R54L. ~12!

This explicitly demonstrates that the Nariai spacetime i
Petrov type-D solution of vacuum Einstein’s equations wi
a positive cosmological constant.

III. GEOMETRY OF IMPULSIVE WAVES

It is known that nonexpanding impulsive waves in t
~anti–!de Sitter backgrounds can be conveniently descri
as five-dimensional impulsivepp-waves plus an appropriat
constraint@7,11#. In close analogy, we introduce here a cla
of impulsive waves propagating in the Nariai universe a
six-dimensionalpp-wave constrained by Eq.~2!, i.e. as a
metric

ds2522dUdV1dZ2
21dZ3

21dZ4
21dZ5

2

1H̃~Z2 ,Z3 ,Z4 ,Z5!d~U !dU2, ~13!

with

FIG. 1. The conformal diagram of the nonsingular Nariai u
verse in coordinates (h,x) of Eqs. ~7! and ~8!. The spacelike
boundariesh50 and h5p correspond tot52` and t51`,
respectively. The angular coordinatex spans a circle, so thatx
50 andx52p are identified. Each point of this representation is
2-sphere in the actual spacetime. Solid and dashed null lines re
sent the~disconnected! past and future event horizon, respective
for a geodesic observerx50.
08404
a

d

s
a

22UV1Z2
25a2, Z3

21Z4
21Z5

25a2, ~14!

whered(U) is the Dirac distribution. ForUÞ0 the space-
time ~13! @with Eq. ~14!# obviously reduces to the Naria
background. The impulse is located on the null 3-manifo
U505Z01Z1, given by

Z256a, Z3
21Z4

21Z5
25a2. ~15!

This is the history of two nonintersecting andnonexpanding
2-spheres of constant area 4pa2, so that the spatial section
of the 3-wave front are disconnected 2-manifolds~see Fig.
2!. In the global coordinates of Eq.~7!, which display the
S13S2 spatial sections of the universe, the impulsive wa
stays at cosx52tanh(t/a), with its connected components a

x15arccos@2tanh~t/a!#,
~16!

x252p2arccos@2tanh~t/a!#,

respectively. These are nothing but the componentsh6
p of

the past event horizon of the geodesic observerx50 in the
Nariai cosmos, see Sec. II and Fig. 1. Formula~16! demon-
strates that the twoS2-components propagate in opposite d
rections along the circleS1, from x150, x252p as t→
2`, to x15p/2, x253p/2 at t50 and x65p as t→
1`. Thus, the history of each of them spans exactly one-h
of theS1. Note that, although theirx-separation decreases~as
t→6`!, they never collide. Indeed, the S1

contracts and then re-expands in such a way that
spatial separation between these,D l 5a cosh(t/a)@(x2

2x1)mod 2p#, is always finite. In particular, this reaches i
maximum valuepa at t50, when the circle contracts to
minimum radiusa, and approaches 2a in the limit t→6`,
when the circle expands indefinitely. In order to visualize t
propagation of the impulsive wave, let us suppress one s
tial dimension by fixingu5u05constÞ0,p in Eq. ~7!. Then,

re-

FIG. 2. The 2-hyperboloid visualizes the dS2 factor of the Nariai
spacetime dS23S2, once that the coordinatesZ3 , Z4 and Z5 have
been suppressed@see Eqs.~1! and ~2!#. Then, each point corre
sponds to a 2-sphere of a constant area 4pa2 in the four-
dimensional spacetime. The parallel straight linesZ01Z150 are
the histories of two of these spheres, which propagate at the s
of light and represent the impulse~15!.
6-3
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MARCELLO ORTAGGIO PHYSICAL REVIEW D65 084046
each connected component of the wave front reduces
circle of a constant radiusa sinu0, spanned byf, which
propagates on a flat 2-torusS13S1, with coordinates (x,f).
This is represented in Fig. 3~which is not completely faith-
ful, as a flat 2-torus cannot be isometrically immersed inR3!.
It is interesting to compare the description of the pres
geometry and its global structure with that of nonexpand
waves in a de Sitter spacetime, given in@30#.

IV. CURVATURE AND EINSTEIN’S EQUATIONS

In this section we evaluate the curvature tensor and s
the vacuum equations associated with the impulsive wa
presented in Sec. III. With the parametrization~9! ~and a
trivial rescalingH[A2H̃! the metric~13! with Eq. ~14! be-
comes

ds25
H~z,z̄ !d~u!du214dudv

~11Luv !2
1

2dzdz̄

S 11
1

2
Lzz̄ D 2 . ~17!

Note that Eq.~17! could equivalently be obtained by mea
of the Dray–’t Hooft shift-function method@13,15# applied
to Eq.~11!, or by using the general construction based on
generalized Kerr-Schild class@29#.3 Now, we employ the null
tetrads formalism. We replacel in the null tetrad of Sec. II
with the more generall5V„2]u1 1

4 Hd(u)]v…, and consider

3The metric ~17! is indeed naturally decomposed asgmn

5
1
2 Hd(u)kmkn1g̃mn , whereg̃mn corresponds to the Nariai back

ground~11!.

FIG. 3. Suppressing theu in global coordinates~7!, each spatial
section of the Nariai universe reduces to a 2-torus parametrize
(x,f), as drawn for different values of the proper timet. The torus
is contracting fort,0, reaches its minimum size att50, and then
re-expands indefinitely ast→1`. However, such an expansion
anisotropic, only involving the angular coordinatex. At any time,
the impulsive wave front consists of two nonexpanding 2-sphe
represented here by circles of constant radius. These propaga
opposite directions from one side of the universe (x50) to the
other (x5p), ast grows from2` to 1`.
08404
a

t
g

e
es

e

the distributional identityud(u)50. Expressions~12! re-
main unchanged and the only new curvature components

C452
1

4
S~Lz̄Hz1SHzz!d~u!,

~18!

F2252
1

4
S2Hzz̄d~u!.

Thus, in general the metric~17! describes impulsive gravita
tional waves plus an impulse of null matter localized atu
50. Correspondingly, on the wavefront the spacetime is
Petrov type II, with energy momentum representing pure
diation (4pTmn5F22kmkn). The impulsive contribution to
the Weyl tensor is of typeN ~as expected from the gener
theory of lightlike shells@31#, see also@32,33#!. The limit
L→0 in Eqs.~17! and ~18! leads to results for well known
impulsivepp-waves.

Pure gravitational wavesoccur when the simple vacuum
field equationHzz̄50 is satisfied, i.e. for

H~z,z̄ !5 f ~z!1 f̄ ~ z̄ !, ~19!

in which f (z) is an arbitrary analytic function ofz. This is
again formally analogous to well knownpp-waves@10,16#,
except that the coordinates (z,z̄) span 2-spheres, here, in
stead of 2-planes. In particular, forH5a05const the line
element~17! represents only the Nariai background in diffe
ent coordinates, since the impulse is removable by the
continuous coordinate transformation

u85
u

12
1

4
a0LuQ~u!

, v85v1
1

4
a0Q~u!, z85z,

~20!

whereQ(u) is the step function. This result is in full agree
ment with the Birkhoff theorem, as a metric~17! with a
constant H clearly represents a spherically symmet
vacuum spacetime.

General nontrivial solutions~19! necessarily contain sin
gularities localized on the wavefront, which can be cons
ered as null point sources of impulsive gravitational wav
In order to achieve such a physical interpretation, it is co
venient to follow@11# in introducing a coordinate

z5cosu, ~21!

so thatZ35aA12z2cosf, Z45aA12z2sinf, Z55az. This
parametrization enables us to rewrite the matter conten
the spacetime as

F2252
1

8
DHd~u!, ~22!

where D[L$]z@(12z2)]z#1(12z2)21]f]f% is the La-
placian on a 2-sphere. By the standard method, one can
solve the vacuum equationF2250 separatingH(z,f)
5Z(z)F(f). To each angular modeFm5cos@m(f2fm)#

by

s,
in
6-4



tiv

ve

a
y

m

n
t
a

o-
o
i

re
b

tu
y

tion

by

by
nd

e
ted

ese
ur-

ent
st

the

s in

r-
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~with m50,1,2, . . . andfm being arbitrary ‘‘phase’’ con-
stants! corresponds an associated Legendre equation$]z@(1
2z2)]z#2m2/(12z2)%Zm50 @with missing l ( l 11)-term#.
For each value ofm, this has the general solutions

Z0~z!5a01
b0

2
ln

11z

12z
,

~23!
Zm~z!5bmFm~z!1b2mF2m~z! ~m>1!,

where a0 , b0 and b6m are ‘‘amplitude’’ constants and
F6m(z) are defined by the recurrence formula

F6m~z![~12z2!m/2
dm

dzm
ln~17z!1/2. ~24!

These functions, which are basically positive and nega
powers of@(11z)/(12z)#1/25cot(u/2), are singular atz5
61, respectively. The general vacuum solution is then gi
by a superposition

H~z,f!5a01
b0

2
ln

11z

12z
1 (

m51

`

@bmFm~z!1b2mF2m~z!#

3cos@m~f2fm!#. ~25!

Recalling thata0 represents a removable term, it is now cle
that nontrivial solutions~25! contain at least one singularit
at z51 or z521, i.e. at one of the polesu50,p of the
‘‘twin’’ spherical wave surfaces. By defining the source ter
as J(z,f)[2a2DH(z,f), one finds J(z,f)5b0J0(z)
1(m51

` @bmJm(z,f)1b2mJ2m(z,f)#. The m-components
are given by

J0~z!5d~12z!2d~11z!,
~26!

J6m~z,f!52~12z2!m/2d (m)~17z!

3cos@m~f2fm!#,

whered (m) is them-derivative ofd. Calculations which jus-
tify Eq. ~26! follow the approach of@11# and are summarized
in Appendix A. According to Eq.~26!, for mÞ0 eachJ6m
term in the energy-momentum tensor describesa single point
source with an m-pole structure. For m50, instead, there is
a pair of ‘‘monopole’’ particles ~compare with @10,11#!.
Thus, the general solution~25! contains null particles at the
poles of both twin 2-spheres which compose the wave fro
However,F22 is linear inH and the background is invarian
under rotations. Hence, in general, one can superimpose
number of such arbitrary multipole particles arbitrarily l
cated over the impulsive surfaces. Note that the monop
term inb0 describes an axially symmetric spacetime. This
the counterpart of the Aichelburg-Sexl@4# and Hotta-Tanaka
@7# solutions for impulsive waves in constant-curvatu
spaces. A comment on the energy conditions satisfied
these sources is given in Appendix B.

It is finally natural to investigate the complementary si
ation in which there is no gravitational impulse in the We
08404
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scalars. Again using the coordinates (z,f) on the wave front,
the complex equationC450 splits into its real and imagi-
nary parts

~12z2!2Hzz2Hff50, ~12z2!Hzf1zHf50. ~27!

After separation of variables, these have the general solu
~up to a removable constant term!

H~z,f!5b0z1b1A12z2cos~f2f1!. ~28!

In this case, the gravitational field is entirely generated
two sphericalshells of null matterwhich form the impulse.
In particular, no point particles~singularities! appear. Again,
b0 is the coefficient of an axially symmetric term.

Except for the ‘‘pure’’ solutions~25! and ~28!, the space-
time ~17! in general describes impulsive waves generated
an arbitrary superposition of multipole pointlike sources a
an impulse of null dust in the Nariai universe.

V. SYMMETRIES OF THE IMPULSIVE SOLUTIONS

In @34# ~smooth! symmetries of nonexpanding impulsiv
waves in~anti–!de Sitter spacetime have been investiga
using an embedding formalism similar to that of Eqs.~13!
and ~14!. In particular, it has been demonstrated that th
are the transformations which leave both the fo
background and the embedding space~a five-dimensional
pp-wave! unchanged.

An analogous analysis can be performed in the pres
case. Again,smoothsymmetries of the full spacetime mu
also be symmetries of the background~described in Sec. II!.
Among these, it is natural to consider the isometries of
embedding space~13! ~see @35#!. Then, it turns out that
spacetimes representing nonexpanding impulsive wave
the Nariai universein generaladmit at least one Killing vec-
tor field. Namely, for an arbitraryH̃ the metric~13! and the
constraints~14! are invariant under the null rotation gene
ated by

Z2]V1U]Z2
, ~29!

i.e. under the transformation~b̃ being a parameter!

U85U, V85V1b̃Z21
1

2
b̃2U,

~30!

Z285Z21b̃U, Zi85Zi ~ i 53,4,5!.

In terms of the four-coordinates of Eq.~17!, this corresponds
to the generator

]v1Lu2]u , ~31!

with the finite transformation

u85
u

12bLu
, v85v1b, z85z. ~32!
6-5
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MARCELLO ORTAGGIO PHYSICAL REVIEW D65 084046
In the limit L→0, this simply becomes the translation
pp-waves, generated by]v . Particular choices ofH̃ may
represent spacetimes with more isometries. For instanc
the caseH̃5H̃(Z5) one has an axially symmetric metric in
dependent off, with the further Killing vector Z3]Z4

2Z4]Z3
~see Sec. IV for two explicit examples!. From the

Killing equations it can be easily verified that, in the axia
symmetric case, no more symmetries are permitted~except
for a trivial H̃!. A richer structure is in principle expected
one allows for nonsmooth transformations, for spec
shapes of the profile functionH̃. However, we do not dea
with this issue here, as it involves mathematical subtle
which go beyond the scope of this paper~see@36# for such a
study in the case of impulsivepp-waves!.

VI. THE LIMIT OF EXACT SANDWICH WAVES

In this section we wish to demonstrate that nonexpand
impulsive waves in the Nariai spacetime constructed ab
can be naturally understood as limiting cases of more gen
exact radiative spacetimes. Within the wide Kundt class
nondiverging solutions@16#, let us concentrate here on th
subfamily

ds25du2~Lw212H !22dudw1
2dzdz̄

S 11
1

2
Lzz̄ D 2 ,

~33!

in which H5H(u,z,z̄) is analytic in (z,z̄) and has an arbi-
trary dependence onu. With the standard null tetradk
5]w , l5]u1 1

2 (Lw212H)]w , m5S]z̄ , the curvature
components read

C252
L

3
, C452S~Lz̄Hz1SHzz!,

~34!
F2252S2Hzz̄ , R54L.

Thus, in general the spacetime is of type II. The vacu
equationF2250 clearly has the solution

H~u,z,z̄ !5 f ~u,z!1 f̄ ~u,z̄ !, ~35!

see the discussion in Sec. IV. In this case, the metric~33!
represents the Kundt vacuum spacetime with a positive
mological constant. In particular, forH50 this turns out to
be the Nariai universe~11!, as the substitution

w52
A2

V
v ~36!

explicitly shows.
Now, we can understand the null coordinateu in Eq. ~33!

as playing the role of a ‘‘retarded time’’ and the functionH
that of a ‘‘wave profile.’’ Then, ifH is taken to be nonvan
ishing only for a finite range ofu, it is natural to interpret the
metric ~33! with Eq. ~35! as describing a pure gravitation
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field of finite duration which propagate in a Nariai bac
ground~with the speed of light!. Moreover, using Eq.~36! it
is easy to verify that in the limit of ‘‘instantaneous’’ wave
H(u,z,z̄)→H(z,z̄)d(u), spacetimes~33! are exactly the
previously considered nonexpanding impulsive waves~17!.
This is a strict analogy with nonexpanding impulsive wav
in constant-curvature backgrounds, which are known to
impulsive members of the Kundt class of type-N solutions of
vacuum Einstein’s equations~see@37#!. In general, one can
construct sandwich gravitational waves with anarbitrary
profile, e.g. shock or smooth waves. In any case, these w
are spherical but nonexpanding.

In view of these results, we suggest interpreting the ex
solutions~33! @with Eq. ~35!# as describing a Nariai univers
containing gravitational radiation.

VII. IMPULSIVE WAVES IN OTHER DIRECT PRODUCT
BACKGROUNDS

The construction of Sec. III can be easily generalized
describe nonexpanding impulsive waves propagating in o
well known spacetimes which are the direct product of t
2-spaces with nonvanishing constant curvature. Namely,
can replace Eqs.~13! and ~14! with the more general metric

ds2522dUdV1e1dZ2
21dZ3

21dZ4
21e2dZ5

2

1H̃~Z2 ,Z3 ,Z4 ,Z5!d~U !dU2, ~37!

22UV1e1Z2
25e1a2, Z3

21Z4
21e2Z5

25e2a2, ~38!

in which e1 ,e2561 give the sign of the curvature of eac
2-space. A four-parametrization which generalizes Eqs.~9!
and ~17! reads

ds25
H~z,z̄ !d~u!du214dudv

~11e1a22uv !2
1

2dzdz̄

S 11
1

2
e2a22zz̄ D 2 .

~39!

We are thus left with four possible different nontrivial spac
times, according to the signs ofe1 and e2. Note that back-
grounds withe1521 contain closed timelike curves, unles
one takes a universal covering. The casee15e2511 corre-
sponds to the impulsive solution in the Nariai backgrou
described in previous sections~with L5a22!. When e1
5e2521, one has waves in the anti-Nariai spacetim
AdS23H2. This is a vacuum solution withL52a22,0,
which appears, for example, in the extremal limit of top
logical black holes@24# ~in which caseH2 is compactified to
a Riemann surface of genusg.1!. The famous Bertotti-
Robinson metric AdS23S2 @21,38# is recovered whene1
52e2521, and describes a conformally flat spacetim
filled with a uniform electromagnetic field. The last possib
ity, e152e251, gives a conformally flat ‘‘unphysical’’
spacetime dS23H2 with negative energy density. Combine
situations~L plus an electromagnetic field! may also occur
by applying the prescription suggested in Sec. II for t
charged Nariai solution, see@21#. In any case, metrics~39! in
6-6
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general describe a superposition of impulsive gravitatio
waves~with pointlike sources! and impulsive null dust, the
geometry of the wave front beingS2 ~for e2511! or H2 ~for
e2521!. The essential conformal structure depends only
the first factor in the direct product metric, which contai
e1. For the dS2 this is shown in Fig. 1. For the AdS2, one
similarly obtains that of Fig. 4, which resembles the case
impulsive waves in a full anti–de Sitter spacetime@30#. Note
that in the limita2→` ~that is, when the cosmological con
stant and the electromagnetic field approach zero! all the
metrics~39! become impulsivepp-waves.

The analysis of Secs. IV, V and VI can be straightfo
wardly adapted to any of the above possible background

VIII. CONCLUDING REMARKS

A new class of exact solution of Einstein’s equations w
a positive cosmological constant has been presented.
describes impulsive gravitational and/or matter waves pro
gating in a Nariai universe, and thus completes the clas
cation of nonexpanding impulsive waves in spherically sy
metric vacuum spacetimes. A convenient six-dimensio
embedding formalism has been employed for the const
tion. The formal structure of the solutions has been show
be similar to that of previously known nonexpanding imp
sive waves in~anti–!de Sitter spacetimes@7,11#. Neverthe-
less, the background is now nontrivial and displays differ
topological properties. The geometrical approach has
been used for discussion of symmetries of these solu
~following @34#! and for constructing impulsive waves i

FIG. 4. The conformal diagram of the Bertotti-Robinson a
anti-Nariai spacetimes with non-expanding impulsive waves, gi
by the two null lines. Each point represents a two-dimensio
~pseudo-!sphere. The timelike boundariesR50 and R5p corre-
spond to null and spacelike infinity on opposite sides of the u
verse. As long as the coordinate timet is assumed to be periodic
t50 andt52p have to be identified. Otherwise, one can unwrat
and build an endless tower of these conformal diagrams, fromt5
2` to t51`.
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other direct product backgrounds, such as the anti-Nariai
verse and the Bertotti-Robinson universe.

Vacuum field equations have been solved in full gene
ity, and singularities of the solutions have been interpreted
terms of point multipole sources of gravitational waves. O
analysis followed the works by Griffiths and Podolsky´ for
solutions in Minkowski@10# and ~anti–!de Sitter@11# back-
grounds. But there is a difference. In the solutions@10,11#,
the axially symmetric monopole terms are physically und
stood as fields generated by ultrarelativistic particles,
tially obtained by an appropriate boosting technique by Aic
elburg and Sexl @4# and Hotta and Tanaka@7#. A
generalization by Podolsky´ and Griffiths themselves@9# ex-
tends such an interpretation to higher multipole terms~at
least whenL50!. However, it seems that no exact sta
solutions are known in an asymptotically Nariai spacetim
Therefore, so far we cannot relate the above null solution
any such field boosted to the speed of light.

Finally, we have observed that~similarly as in the case o
constant-curvature spacetimes@37#! these impulsive solu-
tions in the Nariai universe belong to a more general fam
of Kundt spacetimes. This family can thus be interpreted
representing exact sandwich gravitational waves of finite
ration, or even the full Nariai cosmos filled with gravitation
radiation. It seems to us that these solutions did not app
previously, at least in explicit form. Very similar metric
have been already considered, see, e.g., equations~27.54!
and~31.37! in @16# ~for special choices of the arbitrary func
tions or parameters therein!. However, these describe nonv
cuum type-N spacetimes. According to considerations
Secs. IV and VII, they can be interpreted as a Berto
Robinson universe with gravitational radiation.
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APPENDIX A

By a slight modification of the derivation by Podolsk´
and Griffiths@11# for the case of impulsive waves in~anti–!
de Sitter spacetimes, we present here basic relations lea
to formulas~26!. One starts by expanding the function ln
2z)1/2 for zP(21,1) in terms of the complete system o
Legendre polynomials as~see, e.g.,@39#!

ln~12z!1/25
1

2
~ ln 221!2(

l 51

` l 1
1

2

l ~ l 11!
Pl~z!. ~A1!

SincePl(2z)5(21)l Pl(z), it also holds

1

2
ln

11z

12z
5(

l 51

` l 1
1

2

l ~ l 11!
Pl~z!@12~21! l #. ~A2!

n
l

i-
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For higherm-terms, combing the definition~24! for Fm(z)
with Eq. ~A1! and the recurrence formula for the associa
Legendre functions of the first kind,

Pl
m~z!5~21!m~12z2!m/2

dm

dzm
Pl~z!, ~A3!

one gets

Fm~z!52~21!m(
l 51

` l 1
1

2

l ~ l 11!
Pl

m~z!. ~A4!

Recalling that*21
1 dzPl(z)Pj (z)5( l 11/2)21d l j and Pl(1)

51, one can write the distributional expansion

d~12z!5(
l 50

` S l 1
1

2D Pl~z!. ~A5!

If now the operatorLm[]z@(12z2)]z#2m2(12z2)21 is in-
troduced ~for m>0!, the identity LmPl

m(z)52 l ( l
11)Pl

m(z) follows, sincePl
m(z) are solutions of an assoc

ated Legendre equation. Applying such an identity to E
~A2! and ~A4! and making use of Eqs.~A3! and ~A5!, one
gets

L0

1

2
ln

11z

12z
5d~11z!2d~12z!,

~A6!
LmFm~z!5~12z2!m/2d (m)~12z!,

whered (m)(12z)[dmd(12z)dzm. An analogous proof can
be carried out forF2m(z).

APPENDIX B

The ~distributional! energy conditions obeyed by the id
alized point sources~26! of Sec. IV are here discussed. Fir
of all, for pure radiation matter (Tmn;kmkn) the weak,
strong and dominant energy conditions turn out to be co
pletely equivalent, due to the null character ofk. Then, it
suffices to concentrate on the weak condition. Given a n
spacelike vectort and considering the results of Sec. IV, th
reads

Tmntmtn5~32p!21LJ~z,f!d~u!~k•t!2>0. ~B1!
-
s

R
ith

08404
d

.

-

n-

Clearly, this is automatically satisfied everywhere but au
50, where the possible matter is localized@from now on, we
also disregard the trivial cased(u)(k•t)250#. On the wave
front, the crucial sign is given byJ(z,f), sinced(u) is a
non-negative distribution. Now, the multipoles with oddm in
Eq. ~26! have to be considered only as formal, since th
contain terms@such asxm/2d (m)(x)# which are not defined as
distributions within Schwartz’s theory. These will not be di
cussed here. The even multipoles, instead, are describe
distributions with a nondefinite ‘‘sign,’’ thus violating Eq
~B1!. This agrees with physical intuition as, roughly spea
ing, a multipole must contain ‘‘charge’’ densities of bo
signs. As expected, it turns out that the surface integra
suchJ6m is indeed vanishing~thus the total energy is non
negative!. On the other hand, the monopoleJ0 in Eq. ~26! is
described by the difference of two distributions with a we
defined sign. Then, it should be interpreted as represen
two particles with equal and opposite energy densities. N
that the ‘‘unphysical’’ negative energy density is in this ca
mathematically unavoidable, and can geometrically be
derstood by considering the equivalent electrostatic prob
of a point charge on a sphere~the electric lines of force
generated by a source at the South pole must reconverg
a sink at the North pole, instead of spreading out at infin
as in the planar case!.

We conclude showing that, anyway, combined solutio
~with point particles and null dust! exist which do not violate
the energy conditions. We may simply adapt a ‘‘heuris
argument’’ by Balasin and Nachbagauer@8# ~who also indi-
cate how to make the proof rigorous!. Thanks to the gener
alized Kerr-Schild form of the metric~17! ~see footnote 3!,
the squared norm oft can be decomposed as

t•t5
1

2
Hd~u!~k•t!21g̃~ t,t!<0. ~B2!

In this, it is the first ‘‘infinite’’ term that determinest being
causal. Therefore, if we consider a profile functionH which
is strictly positive on the whole wave front (zP@21,1#), Eq.
~B2! can never hold there. In this case, Eq.~B1! does not
have to be satisfied, thus not restrictingJ(z,f). For instance,
the positive functionH(z)5ez2 ln(12z2)1/2 is associated
with the source termJ(z)5ez(z212z21)1d(12z)1d(1
1z)21.
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